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selfmap that is a “weak directional contraction ” admits a
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PO 1NTW ISE CONTRA U TION CRITERI A FOR THE EXISTENCE

OF FIXED POINTS

*Frank H. Clarke

1. Introduction

Let ~X , ~
) be a complete metr ic space , and let a function T : X - X

be give n. ~~~ celebrated contract ion principle of Banach asserts that

if there c x l 3 t s  a number ~ in (0 , 1) s uch that

(~
) p(Tx , Ty) ~ ~p(x , y) Yx , y X ,

(T is then said to be a contraction) then T has a (uni qu e)  fixed point ;

i .e .  a point x such that Tx = x.

Our purpose is to investigate what can be said if ( * )  holds only in

some local sense. For example , suppose for each x in X there is some

neighborhoo d N (x) of x such that

(~~
) p(Tx , Ty) < r p ( x , y) Vy N(x)

Must  T have a fixed point ? That the answer is negative follows from

the fact  that  ~ j j ~ function T satisfies this condition when p is the

discrete metric ( i . e. when the r~~ ge of p is {o , i }) .  Thus any such

“pointwlse ” criterion must be accompanied in some way by at least an

indirect hypothesis concerning the metric structure .
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In the next section we discuss the main result of thi s paper , a

fixed point theorem for “weak directional contractions ”, The proof of

thi s result is given in § 4 , while § 3 is devoted to ref inements  of the

theorem and some related matters .



2. Weak directional contractions

Let x and y be points in X. The open interval between x

a nd y, denoted (x , y), is given by

(x ,y )  = {z t X : z � x, z � y, p(x , z) + p(z ,y )  = p(x ,y ) }

Let T : X — X be a given mapping . We define DT(x;y) ,  the

lower derivate of T at x in the direction of y, as follows:

- 

DT(x;y) = 0 if y = x , and otherwise

DT(x;y) = lirn inf p(Tz , Tx)/p( z, x)

z E (x , y)

Thi s has the usual meaning : for each ~ > 0, we take the inf imum

of p(Tz , Tx)/p(z , x) over those z in (x , y) such that p(x , z) < e

(thi s is +~~~‘ if no such z exist) . The limit of these infima is DT(x;y) .

Definition 1. T is said to be a weak directional contraction if T Is

continuous and if there exists a number a in [0 , 1) such that

D T ( x ; T x ) < a  for all x in X.

Remark 1. Note that in order for T to be a weak directional contraction ,

it is necessary that (x , Tx) contain points arbitrarily near x whenever

x ~ Tx. Thus if p is the discrete metric , the only weak directional

contraction on X is the identity mapping . This example shows that the

fixed point whose existence is asserted in the following theorem need not

be unique .

Theore m 1. Every weak directional contrpction on p complete metric space

hps a fixed point.
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Remark 2. M .  EJ~ 1st ein 1 1 1 1 2 1 has investigated the question of fixed
4 poi nts  for mapp ings  which are con tractions in a certain local and uniform

sense , by ~i a p t i ng the Picard method of successive approximations

(which i s ineffec t ive  in the ccntext of Theorem 1). Other exten sions of

the ‘- - L ’nt r a ct i on principle are possible when a Banach space structure is

present; we refer the reader to Chapter 5 of the monograph by D. R. Smart [ 4 ] .

The following example lies outside the bounds of the results cited above .
2Ex~mp le . Let X R , with the norm given by:

= ~x l  + l y l .

If p ( x ,y) , (x ’, y ’)) = f l (x - x’ , y — y’ ) I( , then (X , p) is a complete metric

space. It is easy to see that the open Interval between any two distinct

points (x 1, y1) and (x 2, y2 ) consists of the closed solid rectangle

having the two given points as diagonally opposite corners , with those

two points deleted (this reduce s to a line segment in the usual sense if

x1 and x 2 or y1 and y 2 coincide) .

We define T : X -. X as follows:

T(x ,y ) = ( 3x/2 - y/3, x + y/3)

It is eas i ly  seen that T is not a contraction (even in a local sense).

However , T is a weak directional contraction. For let T(x , y) ~ (x , y ).

Then (setting T(x , y) ( a , b)) it follows that b � y, so that the open

interval between (x , y) and T(x ,y) contains points of the form (x , z)

with z arbitrarily close to y. But for such points we have :

p( T(x , z), T(x , y)) /p(( x , z), (x , y )) = 2/3 .

Note that the fixed points of T are all the points of the form

(x , 3x/Z) , x ~ R.
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~
,. Other to r i ru la t i o ns of the theorem

The fol low ing extension of Theorem 1 applies to certain cases in

wh i cr i  I i i  x ; Tx) is not necessar i ly  bounded away fro m 1.

Theorem 2. Let T be a continuous sel fmap on a complete metric space

X such tha t  DT~x;Tx ) < I for all x. Suppose that every sequence

-~x ) i~~ N such that  DT( x ;Tx ) is not bounded away fro m 1 has an — _ _ _ _ _  — n n

cl uste r p o in t .  Th~ n T has ~ fi xed point.

Rema rk 3. The example X = E l , r ) , p = Euclidean metric , Tx = x + l/x

shows that the cluster  point condition cannot be dispsnsed with . To

see that  Theore m 2 is indeed more general than Theorem 1, consider a

di f fe rent iable  funct ion f : [0 , 1] 1 0 , 11 such that I f ’  < 1 but I f ’

i s not bounded away from 1.

A m etric space X is said to be (metrical ly)  convex I (x , y) ~

for every pair x , y) of distinct points . A convex subset of a Banach

space has this  property.

Def in i t ion  2. T is called a pointwise contraction if for some a- in [0 , 1)

we have , for all x ,

Ji m sup p(Ty , I x)/p(y ,  x) < a -

y - . x
y �x

Corollary 1. Every pointwise contraction on a complete convex metric

space has a fixed point.
4

That this follows from Theorem I is a consequence of the following :

(a) every polntwise contraction is continuous and (b) i~~ a complete convex

~~~~~~~~~~~~~~~~~~~ i b ~~~~~



space , (x , y) contains points arbitrarily near x whenever x � y.

These imply that a poiritwise contraction on a complete convex space

is a weak directional contraction.

When the metri c space is convex , Corollary I affords a criterion

which may be easier to verify than the global contraction condition . It

suff ices , for exam ple , to prove the following “growth condition ”: for

every x there is a number K(x) such that for all y near x ,

p( Ty, Tx) .~ 
op (y ,  x) + K(x)p(y,  x) 2

Question: Is every pointwise contraction on a complete convex metric

space a global contraction ?

-6- 
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4. Proof of the theorems

It suff ice s to prove Theorem 2. We now state for convenience the

following theorem of Ivar Ekeland [ 3 ] :

Theorem. Let F : X - [0 , oO ) be a continuou s function bounded below ,

and let e > 0 be given. Then there is a point u such that

(1) F(u) < i n f F + c ,
X

( ii)  F(x) - F(u) ~ cp (x , u) Vx X

Let us define F : X -. [ 0 ,~c )  as follows :

F(x) p(Tx , x)

Since T is continuous, it follow s that F is continuous. Applying

Ekeland ’s theorem, we deduce the existence, for each positive integer K ,

of a point U K such that

(I) F(u K) < inf F + 1/K
X

(2)  F(x) + p(x , u K)/K > F(u K) ~‘x X

If for any K we have F(u K) = 0, then u K is a fixed point and we are

done . So let us suppose that F(u K) is positive for each K.

Claim: DT(u K ;Tu K) .~~~ 1 - 1/K.

Since uK � T(u K) there exists a sequence { x )  In (u K, Tu K) such

th a t p(u K, x )  converges to 0 as n - . °° , and

(3) lIm p(Tx~ , Tu K)/p(x U
K

) = .QT( u K;Tu K )
n -‘~~~~~

—7—
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By defi ni t ion ,

( 4 )  p (u K , Tu K) = p( u K, x )  4 p(x , Tu K)

We find ( in  l ight  of ( 2 ) ) :

p (u K, Tu K ) <  p( x , T x )  + p(x , u K)/K

< p(x , Tu~ ) + p (Tu K, T x )  + p (x , u K)/K

p(X n~ 
Tu K ) + DT(u K ;Tu K ) c~

I x , U K ) + o (p(x , U K )) + r (x~~ u K)/K ,

where o (p (x , U
K

))/p(X , U
K

) -. 0 as n —

Combining this with (4) ,  we arrive at:

(5) ( 1-  l/K)p (x , U K) < D T  K, Tu K~~~~~~u K ) + O ( p ( X
n~~

U
K

))

Dividi ng across by p (X , U
K

) and letting n tend to r’, we obtain

the required inequali ty.

The hypotheses now imply tha t the sequence (U K ) has a cluster

point u. In view of (1), we have

( 6)  . p(x , Tx) > p(u , Tu) Yx £ X

If u = Tu we are done , so let us suppose the contrary and show that

( 6 )  leads to a contradiction . Arguing as we did to obtain (5),  we obtain

a sequence { x }  in (u , Tu) such that p(x , u) tends to 0 as

n - ~~~, and

p(x , u) <~~ T(u;Tu) p (x ~ ,u) + O(p(x , u))

where o( p(x , u)) /p(x , u) -. 0 as n -. 
~~~~~. This implies

DT(u;Tu) > 1 ,

which contradicts the hypotheses. Q. E. D.

—8 - 

__________



REFERENCES

i .  !‘l .  Edelstein , An extension of Banach ’ s contraction principle ,

Proc. Amer. Math. Soc. 12 (1961) 7-10.

2. M. Edeistein , On fixed and periodic points under contractive mapping s ,

J . London Math. Soc. 37 (1962) 74 79.

3. I. Ekeland , On the variational principle , J. Math . Anal . AppI . 47

(jq74) 324—353 .

4. D. R. Smart, “Fixed Point Theorems ” , Cambridge Tracts in Mathematics

66, Cambridge University Press, London (1974).

— ~
.u_.__ -r-—— ——— —— ‘- - - - - ‘ • , —,-- 

-, — ‘ 
-,-, .— 

- ---—----— -I_I.—
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~ -



U 14CLASSIFIED 
________

SECURITY CLASSIVI Cø 1~ ON O~ ~ I4I S RA G E  (Ifl ~an 0.4. IaI.i.d)

REPORT DOCUMENTATION PAGE READ INSTRUCTIONS
________________________________________________ 

BZ7ORE_COMPLETING_P ORN
!j .~ .!Q! r Nu~~kP~~. _. 12. GOVT ACCEI$ION NO. I mECIØItNT $ C AT A L O G  N U M SI R

~~1f ~
C-7

~~~R -  1 658] / 1 _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~ C~~ T~~~ ’ (.,d Ss.e.,.:.) 
____________ 

I TYPE OF REPORT S PERIOD COv ERE O

~OINTWISE cONTRACTION 9RITERIA FOR THE reporting period

— 

~~ Summary Report - no specific

EXISTENCE OF FIXED POINTS . S. PERFORuiwO ORG. REPORT NuM5E~

• CONTRACT OR G R A N T  NUMSER(.)
~~~~ UTH OR(.) 

~~ ~~~DMG29-75~ C~~~~Z4 /
~~~~ Frank H.JClark~~ 4

S PERFORMING ORGANIZAT ION NAM E AND AODRISS 10. PROGRAM ELtMEMT . PROJECT . T A SK
A RE A S WORK U N I T  N U M S E RSMathematics Research Center , University of /610 Walnut Street Wisconsin

Madison , Wisconsin 53706 __________________________V
I I .  CONTROL LINOOFF1CE NAME A NO ADOR ES$ I2.,.-*O~ ORT pATI

U. S. Arm y Research Office ~~~~~ Jul~P .O .  Box 12211 ,

Research Trian~~~ Park 1 Nort h Carolina 27709 9
T~~~~~6~ Tq~~~INT~~~CN ‘F NAME S ADDRtS$(lf dlN... ~t ha., Ccni?01l1n4 Oh io.) IS. SECURITY CLASS. (oh ml. ~.perI

UNCLASSIFIED

~ I ~ ~~~~~~~~~~ ~~~~~ . DECLA SS IFICAT IO NJD OWNGRAO IN~~~~~~ I
SCHEDULE

--‘S

IS DISTRISUTION STATEMENT (a? till . R.pOel)

Approved for public release; distribution unlimited .

17 DISTRISuT I0N S T A T EM E N T  (at ffi. .b.hr.c t , 1 1d  Ia Elock 30, II dIIf.r. ~ Ira., Ripen )

15 SUPPL EMENT A ~~~ NO T E S

5 K EY WORDS (Co.,eInu. or, ,.v .,. . .Jd. It n.c...Ny a,d IdorItity by block nsa.b. r)

contraction
metric convexity
fi xed point

10 A US T R A CT (Ca~ tlnu. a. ,.yor•. ild. Il n.c. ..~~~ a.d Ida.it& by block nt~~bes)

~~~~~~~ that , in a complete metric space , every selfmap that is

a 4~ ak directional contraction~~~~mj t s a fixed point .

~~~~~~~~~~~~~~~~~~~~~~~~~

F OR M 1413 EDITION OF NOV 51 IS OPSOLETE UNCLASSIFIED ~~~~~
~~ I JA N 73

SECURITY CLASSIF ICAT ION OF THIS PAGE (WI~a. DaIs Eais,ad~

~ 

~~~~~~~~~~~~~~~


